This manuscript presents a new nonlocal homogenization model for wave dispersion and attenuation in elastic and viscoelastic periodic layered media. Homogenization with multiple spatial scales based on asymptotic expansions of up to eighth order is employed to formulate the proposed nonlocal homogenization model. A momentum balance equation, nonlocal in both space and time, is formulated consistent with the gradient elasticity theory. A key contribution in this regard is that all model coefficients including high order length-scale parameters are derived directly from microstructural material properties and geometry. The capability of the proposed model in capturing the characteristics of wave propagation in heterogeneous media is demonstrated in multiphase elastic and viscoelastic materials. The nonlocal homogenization model is shown to accurately predict wave dispersion and attenuation within the acoustic regime for both elastic and viscoelastic layered composites.
Introduction
Heterogeneous materials exhibit complex response patterns when subjected to dynamic loading due to the intrinsic wave interactions induced by reflections and refractions at material constituent interfaces. Controlling these interactions offer tremendous opportunities in many engineering applications. By tailoring the constituent material properties and microstructure, heterogeneous materials with favorable properties within targeted frequency ranges, including cloaking [1, 2] , energy harvesting [3, 4] , vibration control [5] and impact survivability [6] , could be achieved.
Band gap phenomenon, i.e., complete attenuation of waves within certain frequency ranges, has been extensively investigated over the past two decades for composite materials with periodic microstructures (i.e., phononic crystals [7, 8] and acoustic metamaterials [9, 10] ). When the length of the traveling wave approaches the size of material microstructure in a composite medium, the waveform starts to interact with the microstructure through reflections and refractions at the interfaces of the constituent materials. One consequence of this interaction is dispersion, which leads to the distortion of wave shape and change of wave velocity. Another consequence is wave attenuation when the wave frequency is within stop bands. This manuscript is concerned with dispersion and wave attenuation characteristics of composites with elastic and viscoelastic phases.
Early efforts of modeling dispersion and dispersion induced phenomena in heterogeneous elastic materials can be traced back to the classical works of Mindlin [11] , Achenbach and Herrmann [12] among others. Analytical solutions (e.g., matrix transfer method [13] and plane wave expansions [14] ) and direct numerical simulations using finite element method [15] have been routinely employed to investigate the characteristics of wave dispersion and band gaps. As an alternative, homogenization methods have been developed over the past decades to understand and predict the overall behavior of heterogeneous materials under dynamic loads. Asymptotic homogenization pioneered by Bensoussan et al. [16] and Sanchez-Palencia [17] was employed by Boutin and Auriault [18] to investigate wave dispersion in the context of Rayleigh scattering (i.e., long wavelength regime) by exploiting the contributions from high order expansions. Noticing the secular solutions of high order expansions [19] , Fish et al. [20, 21] proposed a nonlocal homogenization model that combined the momentum balance equations at the first three orders into a single macroscopic equation that captures wave dispersion in elastic composites. Andrianov et al. [22] employed the asymptotic homogenization approach to obtain the dispersion relation of elastic composites within the first Brillouin zone. Recent efforts by Hui and Oskay [23] focused on transient wave attenuation within the first band gap using a nonlocal homogenization model. By assuming harmonic wave propagation, the time dependent momentum balance equation reduces to Helmholtz equation and the steady state wave characteristics can be investigated in terms of frequency. Auriault and Boutin [24] studied the effective constitutive material properties as a function of frequency for composites with highly contrasted constituents. The high-frequency homogenization model in Craster et al. [25] used asymptotic expansions in approximating not only the displacement field, but also the eigenfrequency of the Helmholtz equation. This model captures the dispersion curves near the edges of the first Brillouin zone. In addition to the homogenization methods based on asymptotic expansions, those that also employ FloquetBloch theory (e.g., [26, 27, 28, 29] ) have been successful in capturing the dispersion relations of layered elastic composites.
Multiscale methods that predict transient wave propagation in finite domains have also been developed in recent years. Pham et al. [30] and Sridhar et al. [31] extended the first order computational homogenization framework to dynamic problems. The authors studied the transient response of acoustic metamaterials in two dimensions by concurrently solving a set of fully coupled macroscale and microscale balance equations. Filonova et al. [32] and Fafalis and Fish [33] investigated wave dispersion in one dimensional periodic structures using the concept of computational continua, where the quadrature rules for the numerical integration is adjusted as a function of the size scale ratio. While the above-mentioned methods show good accuracy in capturing the transient wave dispersion and attenuation, solving fully coupled momentum balance equations leads to prohibitive computational cost. Gradient elasticity modeling is an alternative approach to capture wave dispersion and band gap formation. Askes et al. [34] and Metrikine [35] studied the dispersive wave propagation using the gradient elasticity models. Dontsov et al. [36] captured the formation of the first stop band by calibrating the length-scale parameters against the analytical dispersion relation. The identification and determination of the length-scale related model parameters in multidimensional problems with inelastic materials remains outstanding [37] .
Material damping provides an additional wave attenuation mechanism for composite materials with viscoelastic constituents. The effects of viscoelasticity on the band gaps of phononic crystals include shifting of the band gap frequencies, changing bandwidth, and enhancing transmission attenuation [38, 39, 40] . Modeling research of band gaps of viscoelastic composites typically focused on characterization of the band gap structure in the context of dispersion analysis [41, 42, 43] , or wave transmission attenuation using direct numerical simulations [38, 39, 40] . While many homogenization approaches are proposed for elastic composites, those for viscoelastic composites are relatively rare. Auriault and Boutin [24] studied the effect of viscoelasticity on the dynamic effective material properties. Hui and Oskay [44, 45] derived a nonlocal homogenization model in the Laplace domain, which captures wave dispersion and attenuation behavior in viscoelastic composites.
In this manuscript, we propose a new nonlocal homogenization model that considers the asymptotic expansions of up to eighth order for wave propagation in periodic layered composites with elastic and viscoelastic phases. The resulting macroscopic momentum balance equation of the proposed model is of the same structure as gradient elasticity models (e.g. [35, 34, 36] ), yet all the model parameters are computed directly from the microscale equilibrium equations and dependent on the microstructural material properties and geometry. Although the concept of applying high order correctors to the first order asymptotic homogenization has been previously proposed [46, 47, 18, 48] for problems with poor separation of scales, the proposed model is unique in (1) its attempt to link the asymptotic homogenization with the gradient elasticity models and; (2) it investigates transient wave propagation and dispersion in viscoelastic materials. The performance of the proposed model is assessed by verifying the dispersion relation and transient wave propagation in elastic and viscoelastic composites against analytical solutions and direct numerical simulations.
The remainder of this manuscript is organized as follows: Section 2 presents the description of the problem and the multiscale setting. Section 3 describes the general asymptotic analysis for dynamic problems. Section 4 provides the derivation of the nonlocal homogenization model for periodic layered composites with elastic and viscoelastic constituents. Section 5 verifies the proposed model in two examples, i.e., elastic bilayer and viscoelastic four-layered microstructure. The conclusions and future research directions are provided in Section 6.
Problem setting
Consider a one-dimensional heterogeneous body with layered microstructure (e.g., 1D phononic crystals [49] ). The domain of the body, Ω = [0, L] is formed by repetition of m locally periodic microstructures, Θ, with size l = L/m. The unit cell of the microstructure domain consists of N material phases, with the domain of phase j denoted by Θ j . x and y indicate the position coordinates at macro-and micro-scales, respectively, where the two coordinates are related to each other by y = x/ζ, and 0 < ζ 1 is the small scaling parameter. In the context of dynamic analysis, the scaling parameter is defined as the ratio between the microstructure unit cell size and the length of deformation wave (i.e., ζ = l/λ, where λ is the deformation wavelength).
Consider an arbitrary response field, f ζ (x,t), which oscillates in space due to fluctuations induced by material heterogeneity. A two scale spatial decomposition is applied to express the response field in terms of both macroscale and microscale coordinates, f ζ (x,t) = f (x, y(x),t), where, superscript ζ indicates the dependence of the response field on the microstructural heterogeneity. The spatial derivative of f ζ is obtained by applying the chain rule, f ζ ,x (x,t) = f ,x (x, y,t) + 1 ζ f ,y (x, y,t), where, subscript comma followed by x and y denote the spatial derivative with respect to the macroscale and microscale coordinates, respectively. The response fields are assumed to be spatially periodic, f (x, y,t) = f (x, y +l,t), where,l denotes the period of the microstructure in the microscale coordinate (i.e.,l = l/ζ). The response field of the heterogeneous body subjected to dynamic load is governed by the momentum balance equation:
in which, σ ζ and u ζ are the stress and displacement fields, respectively; and ρ ζ denotes density.
The constitutive response is described by a generalized linear viscoelastic model:
where, g ζ is the modulus function and ε ζ (x,t) = u ζ ,x (x,t) is the strain. The dissipative process within viscoelastic constituents may lead to localized heating, which in turn changes the constitutive behavior [50] . This thermal effect is not considered in the current work. Elastic behavior can be recovered by setting g ζ (x,t) = E ζ , where E ζ denotes the elastic modulus. We assume the material properties of each constituent are of the same order of magnitude.
The dynamic load is applied in the form of prescribed displacement at the boundaries:
where,ũ(t) is the prescribed boundary data. The initial conditions are:
where, u 0 (x) and v 0 (x) are the prescribed data.
The particular forms of the generalized viscoelastic constitutive model and the momentum balance equation (Eq. 1) permit a simpler description of the governing boundary value problem in the Laplace domain. We introduce the key characteristics of the Laplace transform, recast the governing system of equations, and derive the nonlocal homogenization model in the Laplace domain. By this approach, the convolution integral form of the viscoelastic constitutive relation is transformed to multiplication of strain and modulus function, which is dependent on the Laplace variable.
The Laplace transform of an arbitrary, real valued, time varying function, f , is defined as:
where, the Laplace variable, s, and the transformed function in Laplace domain, F , are complex valued (i.e., s ∈ C and F : C → C). The derivative rule for the Laplace transform is given as:
For simplicity of the derivation in Laplace domain, statically undeformed initial condition is assumed throughout this manuscript, i.e., any field variables (displacement and its derivatives) are initially zeros, u 0 (x) = 0 and v 0 (x) = 0, thus:
The convolution integral rule is given as:
The momentum balance equation, Eq. 1, in the Laplace domain is:
Applying the convolution integral rule (Eq. 8) and derivative rule (Eq. 7) to the generalized linear viscoelastic model (Eq. 2), the viscoelastic constitutive relation in the Laplace domain is written as:
where, the modulus function, E ζ (x, s), in the Laplace domain is related to the modulus function in the time domain, g ζ , as
The boundary conditions in the Laplace domain are transformed from Eq. 3, and written as:
3 Asymptotic analysis with multiple scales
We perform a dimensional asymptotic analysis, as is frequently used in situations where only moderate contrast is present in material properties (e.g., [18, 20] ). Based on the two-scale description, the displacement is approximated by the following asymptotic expansion in the Laplace domain:
where, u 0 denotes the macroscopic displacement field and is dependent on the macroscale coordinate only; and u i are high order displacement fields which are functions of both macroscale and microscale coordinates. The macroscopic nature of u 0 is not an assumption, but a well-known consequence of the asymptotic analysis [20] . The strain field at any order is obtained as:
Employing Eq. 13 along with the constitutive relation (Eq. 10), the stress field at each order is obtained as:
Substituting the expanded displacement field (Eq. 12) and the constitutive equations at various orders (Eq. 14) into the momentum balance equation (Eq. 1), and collecting terms with equal orders yield the equilibrium equations at each order of ζ:
The classical homogenization models consider the two lowest order equilibrium equations (Eq. 15a and Eq. 15b with i = 0), resulting in a macroscopic description that does not capture wave dispersion or attenuation [51, 52] . This model is valid only when the deformation wavelength is large enough that the local dispersion due to material heterogeneities is negligible. Considering additional two equations at O(ζ 1 ) and O(ζ 2 ), it is possible to capture dispersive effects and wave propagation in shorter deformation wavelength scenarios [20, 22, 44] .
The equilibrium equations (Eq. 15a, b) are evaluated sequentially by the decomposition of the corresponding displacement fields into macroscale components, which are independent of the microscale coordinate, and influence functions that incorporate the effect of microstructures. The following asymptotic procedure is well known and briefly explained herein since it sets the stage for the proposed nonlocal model. We start by considering the following decomposition:
where, H 1 (y) denotes the first order microscopic influence function, and U 1 (x, s) is the first order macroscale displacement, and U 0 (x, s) = u 0 (x, s). Combining Eqs. 14, 15a and 16 results in the linear equilibrium equation for the microscopic influence function at O(ζ −1 ):
The equilibrium equation for the N-layered unit cell is evaluated uniquely by imposing the following constraints [44] :
where,l j = l j /ζ denote the length of j th layer in microscale coordinate. l j is the physical length of the j th layer. · denotes the jump operator and y = ∑ n j=1l j is the location of the constituent interfaces; and · is defined as a spatial averaging operator over the unit cell:
The O(1) momentum balance equation is obtained by applying the averaging operator (i.e., Eq. 19) to the corresponding equilibrium equation (Eq. 15b with i = 0) and considering the local periodicity of σ 1 (x, y, s):
where, ρ 0 and E 0 (s) are the homogenized density and O(1) homogenized modulus, respectively:
The procedure to evaluate influence functions and derive momentum balance equations presented above can be generalized for arbitrary orders. The recursive influence function generation process is defined in Fig. 1 . This process decomposes the microscale dependent displacement u i (x, y, s) into macroscale displacements and associated influence functions, and substitutes the decomposed displacements into equilibrium equation at O(ζ i−2 ). Considering the macroscale momentum balance equations and equilibrium equations for the influence functions derived from lower orders, an equilibrium equation for influence function at O(ζ i−2 ) is obtained. By evaluating this equation with periodicity, continuity and normalization conditions, the influence function H i is calculated. The macroscale momentum balance equation at O(ζ i−1 ) is then determined by applying the averaging operator and considering the periodicity condition of σ i . Examples of deriving the influence functions and momentum balance equations can be found in [19, 20, 44] .
Nonlocal homogenization model

Model derivation
In this section, a novel nonlocal homogenization model is proposed for elastic and viscoelastic periodic layered media. A major contribution of this model is that we explore homogenization up to O(ζ 6 ) and derive the momentum balance equations considering high order contributions. Furthermore, the proposed model is derived such that the momentum balance equation shares the same structure as the gradient elasticity models [35, 34, 53, 36] :
where c 2 0 = E 0 /ρ 0 . This equation has been shown to accurately capture the location and width of the first stop band, when the length scale parameters (l 2 1 , l 2 2 , l 2 3 ) are calibrated against the analytical solution [36] . In contrast to the gradient elasticity models, the parameters of the nonlocal homogenization model are derived directly from the constituent material properties and microstructure.
As a result of the asymptotic analysis, the macroscale momentum balance equations are obtained up to O(ζ 6 ):
where,
, O(ζ 6 ), respectively:
For bilayer unit cell, the analytical expressions for E 0 ,Ê d and E h can be found in [19] and we provideÊ k in Appendix C.
The boundary conditions at each order are prescribed as:
Under the prescribed boundary conditions, the odd order macroscale displacements are trivial (i.e., U 1 (x, s) = U 3 (x, s) = U 5 (x, s) = 0). It is well known that solving Eqs. 24a, 24c, 24e, 24g sequentially at each order leads to secular solutions [19, 54] . The secularity can be eliminated by either introducing a slow temporal scale to the asymptotic analysis [54] or employing the definition of a mean displacement, which combines macroscale momentum balance equations at different orders into a single nonlocal homogenized momentum balance equation by considering the following macroscale displacement approximation [20] :
where, U (2n) denotes the approximation to the macroscale displacement of O(ζ 2n+2 ) accuracy. Taking four spatial derivatives of Eq. 24a and substituting the resulting expression into Eq. 24e yields:
Inserting Eq. 24c into Eq. 28:
Premultiplying Eq. 24a byÊ h ρ 0 s 2 /Ê d E 0 , and adding the resulting expression to the right hand side of Eq. 24c:
Premultiplying Eqs. 30 and 29 by ζ 2 and ζ 4 , respectively, adding the resulting equations to Eq. 24a, and using Eq. 27 result in:
where, E d = ζ 2Ê d and E h = ζ 4Ê h contain length scales l 2 and l 4 , respectively, and are computed with the physical length of the unit cell. By truncating the O(ζ 6 ) perturbations in Eq. 31, we obtain the fourth order nonlocal homogenization model (NHM4):
The superscript (4) that indicates the order of approximation is dropped for simplicity. The second order nonlocal homogenization model [44] (NHM2) and classical homogenization model (CHM) are recovered by neglecting the last two terms and last three terms on the left hand side of Eq. 32, respectively.
In order to achieve higher accuracy for shorter wave lengths, we add higher order corrections by employing Eqs. 24a-g. The procedure for obtaining the higher order equation is similar to above and aimed at achieving the structure of Eq. 23 through analysis of higher order momentum balance equations. Consider the following decomposition of Eq. 24g: (33) in which ν is the high order correction parameter. Taking two spatial derivatives of Eq. 24e, and substituting the resulting expression for U 0,xxxxxxxx in the third term of the right hand side of Eq. 33:
Taking four spatial derivatives of Eq. 24c and substituting the resulting expression for U 2,xxxxxx in Eq. 34:
Substituting Eq. 24e for U 2,xxxx in Eq. 35, and taking six spatial derivatives of Eq. 24a and inserting the resulting expression for s 2 U 0,xxxxxx :
Rewriting Eq. 24e in the following form:
Premultiplying Eq. 24c by s 2 , replacing the resulting s 2 U 0,xxxx by the expression resulting from taking four spatial derivatives of Eq. 24a, and substituting the resulting expression for U 0,xxxxxx into Eq. 37:
In view of Eq. 24a and Eq. 24c, we have:
Substituting Eq. 39 into Eq. 38:
Considering Eq. 24a, we rewrite Eq. 24c as:
Premultiplying Eqs. 41, 40, 36 by ζ 2 , ζ 4 and ζ 6 , respectively, adding the resulting equations to Eq. 24a and using Eq. 27:
where, E k = ζ 6Ê k has length scale l 6 and is computed with physical length of the unit cell. We note that Eq. 42 has the same asymptotic accuracy as Eq. 32 for an arbitrarily chosen ν, due to the presence of O(ζ 6 ) term on the right hand side. In particular, when ν = 0, the left hand side of Eq. 42 recovers Eq. 32 (i.e. NHM4). Therefore, Eq. 42 represents a one-parameter family of nonlocal homogenization models as a function of ν. O(ζ 8 ) accuracy could be achieved by setting ν such that the coefficient of O(ζ 6 ) term vanishes. The expression for the correction parameter is obtained as:
By truncating the O(ζ 8 ) perturbations in Eq. 42, we obtain the sixth order nonlocal homogenization model (NHM6):
The superscript (6) is dropped hereafter.
The Laplace domain derivation presented above applies to both elastic and viscoelastic layered composites. For composites that only consist elastic phases, momentum balance equations, NHM4 and NHM6, can also be derived in time domain following a similar procedure and result in:
The nonlocal homogenization model, NHM6, possesses the same equation structure as the nonlocal equation (Eq. 23) of gradient elasticity models. One can easily observe the corresponding relation of −
High order boundary conditions
Due to the presence of fourth order derivative term, two additional high order boundary conditions, in addition to Eq. 11, must be prescribed to solve the nonlocal momentum balance equation (Eq. 44). The choice of high order boundary conditions to solve nonlocal equations of this type has been extensively discussed in [37, 34, 55, 56, 57] . Most often the second derivatives of displacement at the boundaries are prescribed [37] . The dispersion analysis of the nonlocal homogenization model for elastic composites (Appendix A) indicates that non-physical solutions exist along with the physical ones for steady-state wave propagation. In this study, the high order boundary conditions are prescribed such that the non-physical solutions are suppressed:
where ξ and η are the solutions to the characteristic equations of Eq. 44 and are given in Appendix B. ω en (see Appendix A) is the frequency at end of the first stop band.
For harmonic loads, the high order boundary conditions are determined based on the loading frequency. For nonharmonic loads, a Fourier analysis of the applied load that identifies the frequency spectrum is performed apriori and the high order boundary conditions are selected based on the dominant frequency components.
An alternative approach to obtain the high order boundary conditions is by deriving the expression for U ,xx from lower order models. Taking two spatial derivatives of the momentum balance equation of CHM:
Substituting Eq. 48 into the governing equation of NHM4 (Eq.32), an approximation to the fourth order differential equation is obtained:
(49) From Eq. 49, we obtain the high order boundary conditions for NHM6 (Eq. 44):
This set of high order boundary conditions does not depend on the frequency of the applied load, which makes it more convenient for viscoelastic composites, where solving for ω en is usually non-trivial. 
Model verification
In this section, two examples, elastic bilayer and viscoelastic four-layered microstructures are investigated to demonstrate the capability of the proposed nonlocal homogenization model in capturing the characteristics of dispersion and transient wave propagation in periodic layered media.
Elastic bilayer microstructure
Consider a bilayer unit cell microstructure as illustrated in Fig. 2(a) . The phases within the unit cell, Θ, is characterized by the density, Young's modulus and length. The volume fraction of phase Θ 1 is taken as 0.5. Aluminum and steel are used for phases 1 and 2, respectively. The elastic modulus and density are 210 GPa and 7800 kg/m 3 for steel, and 68 GPa and 2700 kg/m 3 for aluminum, respectively.
Dispersion relation
The dispersion relation of NHM6 and the mathematical description of attenuation in the stop band are provided in Appendix A. Figure 3 shows the dispersion relation of NHM6 and the reference dispersion relation (real part of the wavenumber solution is plotted). The horizontal and vertical axes are the normalized wavenumber and normalized frequency, respectively, and c 0 is the homogenized wave speed (i.e., c 0 = E 0 /ρ 0 ). The reference dispersion relation is plotted following Bedford and Drumheller [58] . The two physical wavenumber solutions of NHM6, k 1 and k 2 , match with the analytical wavenumber solutions in the first pass band and second pass band, respectively. The nonphysical solutions lead to negative group velocity, therefore not characteristic of wave propagation in the homogenized medium. NHM6 captures the dispersion behavior accurately in the first pass band, and the initiation and end of the first stop band, where kl/(2π) = l/λ = ζ = 0.5, the limit of the first Brillouin zone [59] . The model starts to deviate from the reference solution as the frequency further increases and kl/(2π) approaches 1, where the second stop band initiates. As the scaling ratio reaches unity, the fundamental assumption of scale separation in homogenization is no longer valid [19, 60] . 5.1.2 Effect of material property contrast on model accuracy A parametric study on the prediction error of NHM6 in terms of capturing the initiation and end of the first stop band is conducted with a large number of constituent material property combinations for the unit cell. With the material phase 1 chosen as aluminum, the material property for phase 2 is sampled in two families of materials, i.e., metals and polymers, with the material property domains Ω m = {(E 2 , ρ 2 ) ∈ R | 100 ≤ E 2 ≤ 400 and 4000 ≤ ρ 2 ≤ 10000} and
respectively. In each of the material property domain, 100 samples are generated for E 2 and ρ 2 , and the prediction error is computed as |ω NHM6 − ω re f |/ω re f at the stop band initiation and end frequencies for each sample. Figure 4 shows the prediction error of NHM6 for the two sets of constituent material combinations. Solid dots are the sampling points and the surface is created by quadratic fitting to the points to enhance visualization. The maximum error for stop band initiation prediction is approximately 2.5% for both Al-metal and Al-polymer microstructures. The error of stop band end prediction is relatively high compared to the initiation. In Figs. 4(b) and (d) , it is noticeable that error grows as the Young's modulus ratio increases, especially for the cases which have low density ratio. The general trend of error indicates that NHM6 accurately captures the initiation of stop band for a large range of constituent material combinations. It predicts the end of the stop band reasonably well for low stiffness contrast combinations, and starts to lose accuracy for high stiffness contrast cases.
Models comparison
The capability of NHM6 in capturing the dispersion and band gap formation is due to the presence of high order terms. In order to further study the effects of the high order terms, we compare the dispersion curves of NHM6 (Eq. 46), NHM4 (Eq. 45), NHM2 and CHM in Fig. 5 . While all models capture the non-dispersive wave propagation characteristics at normalized frequency of less than 0.2, CHM and 
Transient wave propagation
We consider the transient response of a composite structure with aluminum-steel bilayer microstructure (see Fig. 2(a) ) subjected pulse loads. The overall length of the structure is taken to be long enough, L = 0.5 m, such that wave does not reflect at the fixed end within the time window of interest. The unit cell is taken to have l = 0.01 m. Two pulse loads are considered, i.e., step load,ũ(t) = M 0 H(t), H(t) is the Heaviside function, and sinusoidal load,ũ(t) = M 0 sin(2π f t). The study compares the responses computed by NHM6, CHM and the direct solution (DS) of the original problem, where each unit cell is resolved throughout the problem domain. The time domain solution procedure for NHM6 is provided in Appendix B. The solutions for DS and CHM can be found in [44] . Figure 7 shows the normalized displacement along the layered composite at T = 0.1 ms and T = 0.15 ms. The responses obtained from NHM6 with high order boundary conditions, Eq. 47a, and DS both show dispersion induced phase distortion, manifested by the oscillatory behavior behind the step wave front. Due to the presence of dispersion, both NHM6 and DS have peak amplitude of 1.2M 0 . NHM6 shows good agreement with DS in terms of capturing the dispersive response under the prescribed step load. Figure 8 shows the displacement histories of x = 0.9L for 0.15 ms, with the structure subjected to sinusoidal loads at frequencies 132.71 kHz and 221.18 kHz, corresponding to the normalized frequencies (ωl/(2πc 0 )) of 0.3 and 0.5, respectively. At ωl/(2πc 0 ) = 0.3, the response is in the first pass band where dispersion occurs. NHM6 predicts the dis- placement time history accurately compared to DS. The dispersion is manifested by the distorted phase shape of the first two cycles and slight phase shift of the dispersive models (NHM6 and DS) compared to CHM. As the frequency is increased to 221.18 kHz, the response resides in the first stop band. At this frequency, the displacement response is significantly attenuated with peak normalized amplitude of 0.25, which asymptotes to complete attenuation in time. Figure 9 shows the maximum transmitted wave amplitude at x = 0.9L within t/T ∈ [0.5, 1] for sinusoidal loads at a range of frequencies f ∈ [10, 442.4] kHz. Solutions of NHM6 with two high order boundary conditions, i.e., Eq. 52 (BC-1) and Eq. 50 (BC-2), are compared to DS. BC-1 leads to accurate wave amplitude for frequencies within the first pass band and stop band. It starts to over predict the amplitude in the second pass band due to the increasingly poor separation of scales at high frequencies. The transmitted wave amplitude computed by BC-2 is accurate up to f = 120 kHz in the first pass band and within the first stop band. As the applied loading frequency is near the initiation and end of the first stop band, the result loses accuracy. 
Four-layered viscoelastic microstructure
In this section, the proposed model is assessed in the context of a four-layered microstructure (see Fig. 2(b) ) with both elastic and viscoelastic phases. The unit cell is composed of elastic layers, epoxy (phase 1) and rubber (phase 3), with viscoelastic layers (phase 2) inserted in between. The volume fractions of phase 1 and phase 2 are 2α and 2β. In the following discussion, the volume fractions for phase 1 and phase 2 are taken as α = 0.3 and β = 0.1.
The constitutive relation of the viscoelastic phase is given by Eq. 2, where the modulus function is expressed with Prony series in time domain. After Laplace transformation, the modulus function is expressed as:
where, the material properties of the viscoelastic phase is provided in Table 1 . The sizes of the macro-and microstructures are identical to the example for the bilayer microstructure. Figure 10 shows the transmitted wave amplitude at x = 0.9L for the four-layered viscoelastic composite structure under sinusoidal load. Loading frequency ranges from 1 to 50 kHz. Solutions obtained by NHM6 using BC-1(a), i.e., Eq. 47a, and BC-2 are compared to DS and CHM. Since the explicit expression for ω en is not available for viscoelastic microstructures, Eq. 47b is not used for high frequency loads. The wave amplitude reduction in the first pass band caused by viscoelastic dissipation, which increases monotonically as the loading frequency increases, is observed in all models. As is for elastic composite, CHM does not predict dispersion and band gap formation of viscoelastic composite. BC-1(a) leads to accurate solution up to the end of the first stop band and deviates from the direct simulation in the second pass band. BC-2 predicts the transmitted wave amplitude up to the second pass band, except for the error near the edges of the first stop band. With BC-1(a), NHM6 captures the decreasing wave amplitude caused by dispersion in the first pass band (15-18 kHz) which is not observed in the elastic composite example (Fig. 9) . The phase distortion and phase shift of the dispersive models (NHM6 with BC-1(a) and DS) in the first pass band are observed in Fig. 11(a) . Within the stop band, near complete wave attenuation is present due to the combination of viscoelastic dissipation and destructive wave interactions, as is shown in Fig. 11(b) . The effect of viscoelasticity is investigated by comparing the transmitted wave amplitude for the viscoelastic composite to an elastic counterpart where the modulus function of the viscoelastic phase is replaced by its instantaneous modulus, i.e., E 2 (s) = E 2 = E ∞ (1 + ∑ n i=1 p i ). As is shown in Fig. 12 , viscoelastic dissipation results in enhanced wave attenuation within the stop band, compared to the elastic case. Moreover, the first stop band of the viscoelastic composite is shifted towards lower frequency and its width becomes narrower. Similar observation was reported in [42] for onedimensional bilayer viscoelastic phononic crystals using the plane wave expansion method. 
Conclusion
This manuscript presented a nonlocal homogenization model (NHM6) for the dynamic response of elastic and viscoelastic periodic layered media. The proposed model is derived based on asymptotic expansions of up to the eighth order. By introducing high order corrections, a momentum balance equation that is nonlocal in both space and time is derived. The proposed model shares the same differential equation structure as the gradient elasticity models, whereas all parameters are computed directly from the microscale boundary value problems and dependent on the material properties and microstructure only. High order boundary conditions to solve the nonlocal momentum balance equation are also discussed.
The performance of the proposed model is assessed by investigating the wave propagation characteristics in elastic bilayer and viscoelastic four-layered composite structures, and verified against analytical solutions and direct numerical simulations. NHM6 is accurate in predicting the dispersion relation of elastic wave propagation within the first pass band and the initiation and end of the first stop band for low material contrasts. The accuracy of predicting the end of the stop band decreases as the contrasts become high. In addition, NHM6 captures the transient wave dispersion and attenuation within the first pass band and stop band for elastic and viscoelastic composites. The procedure to compute model parameters of NHM6 could serve as an alternative to derive the gradient elasticity model length-scale parameters. The effect of viscoelasticity is observed to introduce viscoelastic dissipation that monotonically intensifies as the frequency increases, shift the first stop band towards lower frequency and reduce its width.
The following challenges will be addressed in the near future. First, the proposed model is developed in onedimensional setting and it is necessary to extend NHM6 to multiple dimensions. This will naturally contribute to the applicability of NHM6 to wider range of problems with increased microstructural complexity. Second, the accuracy of the proposed model decreases as the contrasts of the phase material properties increase. Extension of the current model to account for large material property contrasts will be performed to model the dynamics of metamaterials, where the stiffness of the material phases varies by orders of magnitude.
